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Abstract—This paper proposes a clustering-based approach the sources. Specifically, a number of algorithms that assume

for solving the underdetermined (i.e. fewer mixtures than sources) sparse sources have been proposed for underdetermined BSS
post-nonlinear blind source separation (PNL BSS) problem when 6], [7], [8].

the sources are sparse. Although various algorithms exist for the A iderabl t of h h | b d
underdetermined BSS problem for sparse sources, as well as considerable amount of research has also been done

for the PNL BSS problem with as many mixtures as sources, ON the so-called post-nonlinear BSS problem (PNL BSS), in
the nonlinear problem in an underdetermined scenario has not which the sources are first mixed linearly and then transformed
been satisfactorily r?O'\é?f? yet. The lmethp_d prOﬁosedolln this V\;]ork nonlinearly. For an equal number of mixtures and sources
aims at inverting the different nonlinearities, thus reducing the _ i

problem to Iine_ar under_deter_mined_ BSS. To this end, fi_rst a Eﬁ] [12’ a%:/nvgv::g(:frlléhsrgsalh?)\:ﬁhr?]esegaﬂzo(iogggl [\?v]i,th[ltg]é
spectral clustering technique is applied that clusters the mixture ! . ’ g .

samples into different sets corresponding to the different sources. more restricted problem aofinderdeterminedPNL BSS. An
Then, the inverse nonlinearities are estimated using a set of underdetermined®NL BSS algorithm was recently proposed
multilayer perceptrons (MLPs) that are trained by minimizing in [13]; it nevertheless requires the number of active sources
a specifically designed cost function. Finally, transforming each at each instant to be lower than the number of mixtures
mixture by its corresponding inverse nonlinearity results in a and assumes noiseless mixtures. The approach presented in

linear underdetermined BSS problem, which can be solved using <. e .
any of the existing methods. this paper relaxes these restrictions on the sources and it is

. . . able to work with noisy mixtures.
Index Terms—Blind source separation, underdetermined Th fth . ized foll ad .
source separation, post-nonlinear mixtures, sparse sources, spec- e rest of the paper Is organized as follows: a description

tral clustering, multilayer perceptrons. of the mixing process is given in Section Il. The proposed
algorithm consists of two major stages: the first one is a
l. INTRODUGTION spectral clustering met_hod, which is descrlbed_ in _Sectlon Il.

The second part, which deals with the estimation of the

Blind source separation (BSS) is an important problem iferse nonlinearity through a set of multilayer perceptrons,
the signal processing area, with a number of applications explained in Section IV, and in Section V simulation

in communications, speech processing and biomedi.cal SigF@slults are presented. Finally, Section VI summarizes the main
processing. The goal of BSS is to recover theource signals .qnclusions of this work.

from theirm observed linear or nonlinear mixtures [1], [2].
The first BSS algorithms focused only on linear mixtures.
Different approaches were taken depending on the number

of mixtures, m, versus the number of sources, For the A. Model for sparse sources
case where as many mixtures as unknown sourges-(n) In order to model sources with different degrees of sparsity
are available, a number of techniques have been developgd.consider the probability density function (pdf)
Most of them stem from the theory of independent component )
analysis (ICA) [3], [4], a statistical technique whose goal is PS:(5i) = Pid(si) + (1 =pi)fs(s:), i=1,....n (1)
to represent a set of random variables as linear functiogdere p, is the probability that a source is inactivé-)
of statistically independent components. If there are mogenotes Dirac’s delta anfk, (s;) is the pdf of thei-th source
mixtures than sourcesi{ > n), the redundancy in information when it is active [8].
can be used to achieve additional noise reduction [5].
On the other hand, if there are fewer mixtures than sourcgs

(m < n), we have arunderdeterminedBSS problem, which ) )
can only be solved if we rely om priori information about !N @ general linear mixture model, the measurement random
vectory € R™*! can be described as
This work was supported by MEC (Ministerio de Educarciy Ciencia),
Spain, under grant TEC2004-06451-C05-02. y=As+n (2)

Il. PROBLEM STATEMENT

Linear mixture model



wheres € R™*! is an independent random vector representing and its L-th neighbor, with L constant and depending
the sourcesA € R™*™ js the unknown mixing matrixn € on the data dimension. This has certain advantages over the
R™*! is an independent random vector with Gaussian whiteiginal spectral clustering. Firstly, the results do not depend
noise representing sensor noise. on the choice ot. Secondly, since the local scale is inversely
For m > n, several algorithms exist that estimate theroportional to the local density of points, points with a higher
unmixing matrixW = A~! sufficiently well [4]. Form < n local scale will likely correspond to multiple active sources in
the mixing matrix is not square and the problem cannot ltee context of the underdetermined PNL BSS problem (see
solved without additional information about the sources. In thHég. 2(a) and (b)).
absence of noise, if only souréds active, the output signal
y will be aligned with the vector representing th¢h column B. Preprocessing
of A, thei-th “basis vector” [7]. Therefore, if the sources are Some preprocessing steps are taken to facilitate the spectral
sparse according to the model described in (1), most of tbristering. Basically, the mixture samples are roughly reduced
output sampley will be aligned with one of the basis vectorsto those for which only one source was active at each in-
(see Fig. 2(a)). stant. Apart from guaranteeing the overall efficiency of the
Using this geometrical insight a large number of estimatogggorithm, this reduction also lowers the computational cost.
for the mixing matrix have been proposed, amongst themCentral samples are removed because they correspond to
a technique using overcomplete representations [6], a lifmactive sources and are almost unaffected by the nonlinearity.
spectrum estimation method [14] and a number of geometticp, = p, Vi, the probability of having no active sources at
algorithms [15], [16]. Once the mixing matrix has been estall according to the sparse source model (})1isso they;, =
mated the original sources can be estimated with the shortggty samples closest to the origin can be removed. In addition,

path algorithm introduced in [7]. “non-sparse” samples, which are the result of multiple sources
active at the same time, are also removed. They can be
C. Post-nonlinear mixture model estimated as the, = [1—n(1—p)p"~! —p"] N samples

In a realistic scenario then sensors that measure theith highest local scale.

mixtures show some kind of nonlinearity, which suggests trgjelf thle Toturdces ha\ég d|f{ert(:]m—valqes,u1dandygt_can Ieasny i
extension of (2) to a post-nonlinear mixture model € calculated according to the previous description. In practice
rough (over-) estimates can be used fgrand ;. Especially
x="f(As)+n (3) when thep; are unknowny; andv, should be chosen so that
where f() = [/1(), fo()s- -, ()] is & componentwise ﬁ]fttgrn;c));]e_g:/c:ﬁeassTr? t(r:llisrtzrr‘r;amlng samples can be clustered
nonlinear function anat € R™*! is the measurement random ppIng '
vector. For the underdetermined case & n) the methods . Identification and clustering limitations
from linear BSS are not able to estimate the sources properly. h ; f the cl , lorith il q
A scatter plot example of PNL mixtures is shown in Fig. 2(b). The performance of the clustering algorithm will depen

The proposed algorithm aims at estimating the inver9f the distance between points of different clusters. If clusters
still overlap or come too close after preprocessing, spectral

nonlinearitiesg = f~', under the condition that they are _ _ ) ) > o
invertible and linear for small input values. This leads directl ustering W!" not be poss_lble. _Th's cluster_ _separat_)lhty
to an estimate of the linear mixturgs= g(x), which can epends malnly'on the nonlinearityand the mixing matrix.
be used to recover the original sourceselying on known Furthe_rmore_, |t_|s f_;lssumed that_the different sources *.‘?"e
methods for underdetermined linear BSS. double S|d_ed d|str|_bu_t|on§. By applying spectral cluste_rlng, it is
then possible to distinguistv clusters, one for each sidelobe
Il. DIVIDING THE SAMPLES INTO 1 CLUSTERS of then.distributions. An_d since the nonlinear?tigs are assumgd
i to be linear for small input values, determining which pair
A. Spectral clustering of clusters correspond to the same source can be done by
Spectral clustering [17] is a technique that clusters poinfisoking at which clusters have the same slopes close to the
based on a spectral analysis of the matrix of point-t@rigin. Finally, » clusters are obtained, corresponding to the
point similarities. This “affinity” matrix is formed a$}; = n sources.
exp(—d?(x;,Xj)/0?) whered(x;,X;) is some distance mea-
sure between points; and x; and o is a scaling constant. IV. ESTIMATING THE INVERSE NONLINEAR FUNCTIONS
Spectral clustering obtains good clustering performance inTo estimate the inverse nonlinearities in [13], Theis and
cases where classic methods such as k-means fail, for instaAogari consider that there should be a linear relationship
when one data set is surrounded by another one. Neverthelestween the same component of different clusters. Here, we
its efficiency depends on the choice @fIn addition, since it exploit that there should be a linear relationship between the
requires obtaining the eigenvectors of Anx N matrix, care different componentsf the same clusterBoth approaches can
should be taken to reduce the computational cost when tlkad to a reliable estimation of the inverse nonlinearities, but
number of samplesV is large. the latter allows to operate directly on the available data. By
In [18], Zelnik-Manor and Perona proposed to calculatéoing so it avoids the interpolation needed in [13] that can be
the affinity matrix asfF;; = exp(—d?(x;,X;)/(0;0;)) where problematic in cases of strong nonlinearities or in the presence
the “local scale”o; = d(x;,X) is the distance betweenof noise.
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Fig. 1. The block diagram used for the MLP parameter trainingrios 2. e 4
The blocks labelled (.) andga(.) represent theé MLPs. The slope estimator P g
is used to estimate the slog€] , of the curve formed byd; (t), d5(t)). To E
train the upper MLP, we use as desired sigP@"ng(t). In this way the 0 sl ‘“‘"@'-:ﬁmﬁ 0
error signakt (t) = di (t) — K} ,d}(t) measures the deviation from linearity @:r* # e
of this curve. The same procedure is carried out for the lower MLP. f .Nj j
f - B
175 0 15 5 0 5
A. MLP model (© (d)
To represent each inverse nonlinear functig}m.) (G = Fig. 2. Example of underdetermined BSS mixtures: scatter plots of three
inale i t singl tout multil linear mixtures in (a) and three PNL mixtures with additive noise in (b), with

L... ,m) Wwe use a single Input, single outpu u aye;, = 0.9 and 20dB SNR. The preprocessing of Section Ill removes some

perceptron with one hidden layer of neurons. Once the samples of (b) to obtain (c), which is then used for spectral clustering. (d)
samples are clustered into sets by the spectral C|USterin95hOWS the output of the MLPs after training with the clustered data.
algorithm, the elements of each set are used as input patterns
for the m MLPs. In particular, for thei-th cluster we have
patternsc’ (t) = (i (t), ch(t),...,c (1)), wheret is a discrete  weights from converging to a trivial (all zeroes) solution. The
time unit. Thej-th component of each pattern is fed into thgarameters of the: MLPs are adapted in each iteration using
j-th MLP, whose output is given by a batch gradient descent approach to minimize (6). And, as
i i T i suggested in [13], we also assume that they pass through the

d5(t) = g5 (c5(1)) = Wy50 (Wj1c(0) +Bja) +bs2 - (4) origign, i.e.,gj(()[) :] 0; therefore the bias of the):)Stput Iayr;[gg
wherew; 1, w; » € R"™*! are weight vectorsh, ; € R"*! and is fixed asb;» = —WZQQS (bj1). After this training the mixing
bj» € R are biases and(.) is a neuron activation function. matrix can be estimated in a straightforward way relying on
For all the neurons in the hidden layers we chose to use the estimated?; ;.
tangent hyperbolic activation function.

V. SIMULATION RESULTS

B. Cost function and parameter training Monte-Carlo simulations were performed for signals with

In order to train the MLP weights and biases a cost funglifferent sparsity and SNR levels. The source signals were
tion is designed that allows training blindly on the availabl@enerated according to (3) with a normal distributify) (s )
nonlinear cluster data. The cost should be minimal when the¥ih zero mean and variance). For each sparsity and SNR
data are mapped onto linear clusters by the entire set of MLE&Y€l, 20 different mixing matrices were generated randomly
therefore ideally there should be a linear relationship betweB} choosing the amplitudes of the basis vectors uniformly from

all componentsj and k within the same clustet: [0.1,1] and the angles uniformly frof-r, 71| with @ minimum
; angle of r/10 between every pair of basis vectors to avoid
i d;(t) Vi () cluster overlapping. The number of samples in each case was
PEdE(t) 2500/(1 — v1 — v2) in order to restrict the clustering 2500

where K;k is the slope made up by the componegitand samples. After mixing byA, the mixtures were transformed

k of clusteri. Hence, a cost function to train the weights opy Fhe n(_)nlmear functiong; (v) = tanh(z). I_:!nally Gaussian
. . white noise was added to reach the specified SNR level.
MLP j can be derived as

A 2-measurement scenario wishmixtures (n = 3, n = 2)
. o 9 as well as a 3-measurement scenario Witixtures (n = 5,
Jj = Z Z [d}(t) o K;:kd}c(t)] ® = 3) were simulated. Fine-tuning spectral clus(tzring was
=lh=1 ot applied andn MLPs withr = 15 hidden neurons were trained
Notice that the elements dk? must also be estimated ando estimate the two inverse nonlinearities, with a learning rate
updated in each iteration, for instance by using the histograof-; = 0.01 and a maximum ofl 000 epochs. An illustration
based estimator described in [8]. Fig. 1 shows the trainirg the different steps of the algorithm is shown in Fig. 2.
diagram corresponding to the case= 2. After training, the basis vectors were estimated frﬁfjl]k
The MLPs are initialized to get a linear input-output transand the source signals were estimated applying the shortest-
formation: d*(t) = g(ci(t)) = c'(¢). This initialization path algorithm from [7]. The results are shown in Fig. 3.
is relatively “near” the optimal solution and prevents th&ince no measures were taken to reduce the sensor noise, the

n m
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Fig. 3. MSE values for varying sparsity and SNR levels, for the 2-
measurementrn = 2, left) and 3-measurement case & 3, right).

(12]

obtained mean square errors (MSES) are highly dependent[lo%
the SNR level. Although in most cases the inverse nonlinearity
estimation can “linearize” the clusters sufficiently well (see f 54]
instance Fig. 2(d)) only a modest MSE value was obtained
even for the noiseless cas& R = codB). This is due to the
strong nonlinearity used and to the fact that the MLPs only
represent the inverse nonlinear functions well for input poiniss)
that are in the training range. Points that are outside of it, such
as the “non-sparse” samples, are estimated with greater error
and therefore represent the main contribution in the MSE.

[16]

VI. CONCLUSIONS [17]

We presented an algorithm to invert the nonlinearities in
the problem of post-nonlinear underdetermined BSS of spal 8
sources. The algorithm consists of two steps: firstly, a spectral
clustering algorithm is applied to identify the active sources
and secondly a set of MLPs are trained to identify the inverse
nonlinearity. After these two steps, the outputs of the MLPs
provide a “linearized” underdetermined BSS problem, which
can easily be solved.

The presented method requires sparse sources and invertible
nonlinearities that are linear for small input values. Simulation
results were included for 2-measurement and 3-measurement
cases, and as long as the contributions of the different sources
do not overlap in the mixtures, there is no restriction on the
number of sources or mixtures.
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